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Generalized Noether Identities for Nonlocal
Transformations
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Starting from the transformation properties of an action integral of a system under
local and nonlocal transformations, we derive the generalized Noether identities
for a variant system under those transformations. The applications of the theory
to the Yang-Mills field with higher order Lagrangian is presented under the
Coulomb gauge condition, a new conserved PBRS charge is found which differs
from the BRS conserved charge, and another conserved charge connected with
nonlocal transformation is also obtained.

1. INTRODUCTION

Local gauge invariance is now a central concept in modern field theory.
The classical Noether (1918) identities refer to invariance of the action
integral of the system under a local transformation parametrized by r arbitrary
functions and their derivatives. If an action integral is invariant under such
transformation, then there are r differential identities (Noether identities),
which involve the functional derivatives of the action integral. These identities
were discussed by Hilbert (1924) and Bergmann (1949) and Anderson and
Bergmann (1951) in connection with electrodynamics and general relativity,
by Drobot and Rybarski (1958—1959) in connection with hydromechanics,
by Sundermyer (1982) in connection with gauge theories, and by others (Li,
1993a) in a general way. A generalization of classical Noether identities for
a system with noninvariant action integral under a local transformation was
given in Li (1987). A canonical Noether identity in phase space was also
developed (Li, 1993b).
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In the quantum theories of the Yang—Mills field (Kuang and Yi, 1980)
and the conformal transformation of quantum fields in gauge theories (Fradkin
and Palchik, 1984; Palchik, 1985), nonlocal transformations were introduced.
The invariant effective Lagrangian under the BRS transformation is not
invariant under the gauge transformation alone. Therefore, the investigation
of noninvariance properties of a system under local and nonlocal transforma-
tions is necessary. Dynamical systems described in terms of higher order
Lagrangians obtained by many authors are of much interest in connection with
gauge theories, gravity, supersymmetry, string models, and other problems (Li,
1991, 1993c).

In this paper we discuss a more general case for the system with a
Lagrangian inveolving higher order derivatives. Starting from the trans-
formation properties of an action integral of such a system under local and
nonlocal transformations we derive the generalized Noether identities (GNI)
for a variant system under those transformations. These GNI are integral-
differential identities which involve the functional derivatives of the action
integral. The applications of the theory to effective higher order Lagrangian
for the quantum gauge field in the Coulomb gauge is given, a new conserved
PBRS charge is found which differs from the BRS conserved charge, and
another conserved charge connected with the nonlocal transformation is
also obtained.

2. GENERALIZATION OF NOETHER IDENTITIES

Let us consider a physical field defined by n field functions ¢*(x)
(a=1,2,...,n)x=(%x),x®=1i=1,2, 3. The flat space-time metric
is m,, = diag(+——-), b, v = 0, 1, 2, 3. The Lagrangian density of the
system, which may involve higher order derivatives of the field functions, is

L= Lx; &), ..., S, .. ) ¢y
where

Phum(X) = Gpm®™() = (0, 0, - () (m=1,2,...,N)

m

@)

The action integral of this system is
= J d*x E(x, d%, ..., Sy - - ) 3)
Q

Throughout the paper it is supposed that all functions and their derivatives
up to required order are smooth enough.
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Let us consider the transformation properties of an action of the system
under general local and nonlocal transformations, whose infinitesimal trans-
formation is

= x4+ Ax* = x* + REe(X)
d(x) = d%(x) + Ad™(x)

)
= $™(x) + A% (x) + f d*y F(x, y)BX(y)°(y)
o
where
RE = rir0g,., A2 = a*™d ., B = b33,
! m n (5)

)
'.gv(l) — rgm abw(m) — a§v~~-8’ bgv(n) — bgv/\P

]

and ri*®, gk, and b3*™ are functions of x, 2, &%y €°(x) (o = 1, 2,
..., r) are arbitrary infinitesimal independent functions; the values of €%(x)
and their derivatives up to required order on the boundary of domain ()
vanish. It is supposed that under the transformation (4) the variation of (3)
is given by

of = J d*x [0, (Ake’(x)) + W] (6)
Q
where
W= U,e(x) + J d*y Ve(x, y)E°(y) (7
Q

AL = )\gv(i)(x)av(i), U, = Ug(j >(x)a,L(,-), Ve = Vg(k)(% y)ap(k) (8

and MO, URD), and VE® are functions of the x, ¢*, ¢%,,. For a weakly
quasiinvariant system (Lusanna, 1991), W = 0, which means “evaluated on
the trajectory of motion.” Under the transformation (4), from (3), (4), and

(6) we have (Li, 1987)

S/
L d’x {8 o [(AS — LREE)

+ J d*y F(x, B30’ (0] + 0,(j4€°(x))
Q

m=0

N~-1
+ aul: > g, L d*y F(x, y)Bg(y)e"(y)}}

= J d*x [UU(X)e"(X) + J d*y Vi(x, y)e"(y)] &)
(9] O
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where
o1
-6_(5).; = (_1)ma“(m)$(p;(m) (10)
ggg(m) = _1_ 655 ( 11)
m! all permutation a(\b,p.(m)
of indices
N—(m+1)
Hgv(m) — 2 (_ l)la)\(l)ggv(m))\(l) (12)
=0
N—1
b= 2R + 3 TIMa,,,(A5 — dSRY) — A% (13)
m=0

Using the Gauss theorem, we can get the term of the integral of d,(j5€°) in
(9) to vanish because of the boundary conditions of €°(x), after which we
functionally differentiate (9) with respect to €P(z) (p = 1,2, . . ., r), we obtain

PPN IR S PPN VDI '
A"(Z)(Bda"(z)) RP(Z)( @ 6¢°‘<z)>

- o1
d*x BX(2)| F(x,
+ L X p(z)( (x, 2) 8¢°‘(x)>

N—1
+ J d*x Bg(z){ap[ > ey, F(x, z):|}
0

m=0

= Uy2) + J d*x V(x, 2) (14)
O

where A2, B2, R¥, U,, and V, are the adjoint operators with respect to
Ag, By, R, U, and V, respectively (Li, 1987). Therefore, we have the follow-
ing generalized second Noether theorem:

If the variation of an action integral (3) is given by (6) under the
transformation (4), then there are r identities (14) between the functional
derivatives 8//8b* and their derivatives up to some fixed order.

These identities (14) are called generalized Noether identities (GNI) and
are integral-differential ones. In case of invariance (W = 0) the right-hand side
of (14) equals zero. Thus, we have identity relations between the functional
derivatives and their derivatives:

N YN
A"(Z)(Sd)"‘(z)) Aoz Sd)“(z))
+J d*x I?,‘;‘(z)(F(x, 2) o )
()

84(2)
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N—1
+ j d*x Eg(@{aM Sy, Fx, z)]}
Q m=0

=0 (p=12...,7 (15)

These identities are valid whether the equations of motion are satisfied or not.

3. WEAK CONSERVATION LAWS

Let us now consider a system with noninvariant action integral under
local transformation. As is well known, in massive Yang—Mills theory, the
Lagrangian is not invariant under gauge transformation; interaction of massive
Fermi fields with gange fields is not invariant under the chirality transforma-
tion of the Fermi fields; the effective Lagrangian with Faddeev—-Popov ghost
fields is not invariant under the gauge transformation alone; the invariance
is restored only under the BRS transformation. Therefore, for the Lagrangian
of a system which is not invariant under the local transformation, the discus-
sion of the transformation properties is necessary. Let us put Ax* = 0 and
F(x,y) = 0in (4), as is usually done in the discussion of gauge transformation,

¥ (x) = O"(x) + AZe°(x) = (1) + (a5 + agha,)e’(x) (16)

where a2 and a%* are functions of x and ¢*. Under the transformation (16),
suppose that the variation of the Lagrangian is given by

= (U, + U9, + Us9,9, + Us™3,0,0,)€”(x) (17

where U,, U¥, U¥*, and U™ are functions of x, ¢, and ¢5,. For example, a
system with second-order Lagrangian for Yang—Mills theories belongs to this
category. Under the transformation (16), from the variation of the action
integral (3), one has the basic identity

ol
S ) g

N—1
a,{ > Hz“”('")av(myfaze"(x)}

m=0

agtd,e’(x)

= (U, + Uk, + Us¥d,9, + UB3,0,0,)€°(x) (18)
The GNI (14) is this case becomes

as 82;& - a#(ag» 83;) = U, — 3,U + 9,3,U%" — 3,9,0,U"™ (19)

Multiplying the identities (19) by €°(x), summing with index o from 1 to r,
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and subtracting the result from the basic identity (18), if the indices w, v of
the coefficients U4” are symmetrical and the indices w, v and u, A of the
coefficients U%** are also symmetrical, then we obtain

8,J* =0 (20a)

N-1 134
JE = I, A%(x) + a3t
m=0 8¢a

— Ube’(n) + (3,UEMe’ ()
— U§9,€°(x) + UE3,0,€°(x) + (8,0 UMe’(x)
— (3,U5™9,e(x) (20b)

€°(x)

The equations of motion were not used in deducing (20a), (20b), hence these
expressions (strong conservation law) holds whether the equations of motion
are satisfied or not.

If €”(x) = €fL5(x) in the transformation (16), where €f are numerical
parameters and {J(x) are functions of x, ¢*, and &%), then, along the
trajectory of the motion, 8//8$* = 0, we can obtain the weak conservation laws

3 JE=0 (21a)
N—1
JE = [Eeg, ASS — UG + @,UNE — U a8
m=0
+ UBR,0\LS + (8,0,UFMNLS — 0,ULMILS (21b)

Thus, one can see that for certain cases the GNI may be converted into
(weak) conservation laws along the trajectory of motion even if the Lagrangian
& of the system is not invariant under the specific transformation (16). This
algorithm for deriving the conservation laws differs from the classical first
Noether theorem, where invariance under a global transformation implies the
conservation laws. This gives us a new method to find the conservation laws
for a system.

4. PBRS CHARGE

Yang—Mills theory with a higher order Lagrangian is given by (Gitman
and Tyutin, 1990)

1
Ly = —3 FiuF* = DEFDIFY,, (22)
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where
Fa, = 8,A% — 9,A% + f1.ALAS (23)
Dj, = 843, + fi.Aj 24)

and fj, are structure constants of the gauge group. The Lagrangian (22) is
invariant under following gauge transformation:

BAS = DY, e"(x) (25)

where €”(x) are arbitrary functions. This local invariance of Lagrangian $Lyy
implies that the system is subject to some inherent phase space constraint
(Li, 1993a), and one can find that all constraints are first class. In the quantum
theory for a system with first-class constraints, the gauge condition must be
chosen. Through a transformation of the generating functional of the Green
function for the Lagrangian (22) in the Coulomb gauge one can obtain the
effective Lagrangian (Gitman and Tyutin, 1990)

1 ;
Lo = Lym + Lo — Do (0'A)? (26)
0

where
Lon = —FCHX)DLCH(X) 27)

E“(x), C?(x) are ghost fields, and oy is a parameter. The Lagrangian (25) is
invariant under the following BRS transformation:

0As = D§,CPr

1
8CT = = f1.CbCe
5 f5L7CT (28)

= 1
3C* = —— GHAfT
O
where 7 is Grassman’s parameter. According the classical first Noether theo-

rem, a consequence of the BRS invariance of the effective Lagrangian is the
presence of conserved current J* in Coulomb gauge,

a‘ggeff aggeff a=S£eff
=T pgct+—"5DgCh —d £.C?
9A} 5 B 0AL 1o PR P 0AL 1o -
aggeff ac%eff -
+ 3CT + —= 5C"
ace, Ce,

=Jr - % " Cof,CPCe + DPPCP°AG (29)
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where

1
= {[f;"aAePapF'"w + fofRASANF Y

— 9p(8PF ™ + fgdAedeW)]Dz,ch

+ (PF™ + FLA®F#)3,(D5,.CH) — F™*D5,C*  (30)

which implies the conserved BRS charge
Q= fd%c Jo = f d’x [J? - % f2.8°CCPCe + DPCP°AG] (31

Now let us consider only the transformation of the Yang—Mills fields,
fixing the ghost fields in the BRS transformation, i.e.

a — na b,
{SA,L ek 32)

8Ce =8C* =0
Under the transformation (32), the effective Lagrangian (26) is variant, and

8Lerr = F(6) + Uyo,0° + U,9"9,6°
1 . .
= F(8) — — (AD30,0° — — f(0'ADAsoIo"
Qo Qg

— f3.8*C<C9,0° (33)

where 8¢ = C“r, and F(0) does not contain the terms of the derivatives of
8. Along the trajectory of motion, from (21) and (33), we obtain the following
conserved current J} in Coulomb gauge:

P =JV + fi8°CeChCe (34)

Thus, we obtain the conserved PBRS charge (P stands for “partial”)
Qp = J d*x J} = J d*x [} + f3.8°CeCtCe (35)

This conserved PBRS charge differs significantly from the conserved BRS
charge (31).

As is well known, BRS charge annihilates the vacuum; the conserved
PBRS charge may also impose some supplementary conditions on physical
states as well as BRS charge and ghost charge.
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5. NONLOCAL TRANSFORMATION AND CONSERVATION
LAWS

Itis easy to check that the terms £y, and &£, in the effective Lagrangian
(26) for higher order Yang—Mills theory is invariant under the following
transformation:

A%(x) = AS(x) + D2,€%(x) (36a)

C(x) = CYx) + ig(THFCH(x)e’(x) (36b)

*CHx') = *Cx) — igd*Clx)(T,)ie"(x) (36¢)

where T, (o0 = 1, 2, ..., M) are representation matrices of the generators

of the gauge group, and €°(x) are infinitesimal arbitrary functions. (36¢) can
be written as

C¥(x) = C%x) — igCPONT,)e(x) (36¢")

+ % 3, [CPO(T, ) e ()]

where [] = m*¥9,,,. (36¢”) can be reduced to (Kuang and Yi, 1980)
Cé(x) = Cx) — igCP)(T)fe"(x)

+ig J d*y Ao(x, Y)3,IC (T )5+ (y)] (36¢")

where
CAox, y) = i8®(x — y) (37)

The transformation (36¢”) is a nonlocal one, Under the transformation (36a),
(36b) and (36¢”), from (14) and (26), we obtain

6Ieff
3C4(z)

A _ A =
Dp(&sz)) + ig(T Cafz) Ch(z) — igCP2(T,)

; J i Bg(z)[au(%%o(x, z)] = Lsiraan o9
Q

ace, 0
where
Dy, = -89, + foLA; (39)
Bi(z) = igd, [CP@)(T,)5o" (40)
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Under the Coulomb gauge, along the trajectory of motion, from (38) we obtain

— 0L
aqu' d*x C”(z)(Tp)Z m[@y(;i—ﬁ)%(x, Z):| =0 41)
O Ay

which implies the conserved charge

Q' = J d3z J d*x Eb(Z)(Tp)Zazol:axv(%)ﬁko(x, z):| = const (42)
v Q oCs

Xp

Substituting (26) into (42), we get

0 = J j 4z d*x CPR)(T,)3, DT C9)d,, Aglx, 7) = const  (43)
vJO
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